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The conditions for the existence of special solutions, for which the components of the angular momentum vector are the
superposition of linear and linear-fractional functions are considered for Kirchhoff’s differential equations, which describe the
motion of a gyrostat under potential and gyroscopic forces. © 2005 Elsevier Ltd. All rights reserved.

A noteworthy feature of Kirchhoff class equations [1] is the fact that, by a non-degenerate linear
transformation of the main variables of the problem, they can be converted into the equations of motion
of a charged and magnetized gyrostat in Newtonian, electric and magnetic fields. This is a hydrodynamic
analogy for special cases, pointed out by Steklov [2] and Kharlamov [3] and obtained in completed form
in [4, 5]. There are many approaches [6-9] to the investigation of the properties of integral manifolds
of Kirchhoff’s equations. In view of the non-integrability of these equations in quadratures [7], an
approach based on constructing special solutions using the method of invariant relations [10] is important.

In this paper we construct a new solution of these equations for the case when the characteristic matrices
occurring on the right-hand side of Kirchhoff’s equations are diagonal, while the vectors of the
generalized centre of mass and of the gyrostatic moment are directed along the principal axis. It possesses
a new structure of the auxiliary invariant relations, which give the components of the angular momentum
vector in terms of the components of the unit vector of the axis of symmetry of the Newtonian, electric
and magnetic fields.

1. FORMULATION OF THE PROBLEM. FORM OF THE SOLUTION

Consider the problem of the motion of a gyrostat with a fixed point under potential and gyroscopic
forces, which is described by Kirchhoff class equations [4, 3, 9]

X = (X+A)Xax+axXBv+sXvV+vxCv (1.1)

vV = vXax (1.2)

where x = (x1, xp, x3) is the angular momentum vector of the gyrostat, v = (v, v5, v3) is the unit vector
of the axis of symmetry of the force field, A = (A, Ay, \3) is the gyrostatic moment, characterizing the
motion of supported bodies, s = (sy, 55, 53) is a vector, codirectional with the vector of the generalized
centre of mass of the gyrostat, @ = (a;) is the gyration tensor of the gyrostat, constructed at a fixed
point, and B = (Bj), C = (Cy) are third-order constant symmetrical matrices; the dot above the variables
x and v denotes a derivative with respect to time ¢.
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Equations (1.1) and (1.2) have the following first integrals

X-ax-2(s-v)+(Cv-v) =2E, v-v=1

(x+l)-v—%(8v-v) =k (1.3)

Here E and k are arbitrary constants.

Suppose the matrices a, B and C have a diagonal structure with elements a; and B; and C;
(i = 1,2, 3), while the vectors s and A are directed along the first principal axis of the gyration ellipsoid:
s =(51,0,0),A = (N, 0,0).

We will investigate the solutions of Eqs (1.1) and (1.2), which are characterized by three invariant
relations [11, 12]

xp = @(vy), X = Va0(Vvy), X3 = V305(vy) (1.4)

Then, using the geometrical integral from (1.3), the vector equations (1.1) and (1.2) can be converted
to the following five equations

a;@,(vy) —a3v03(vy)
a393(vy) — ay9x(vy)

yivy) =2 (1.5)
(a393(V)) - a,0,(v)) @1 (Vvy) =

1.6
= (a3 = a)P(V)O3(V) + aB30,(Vy) — a3 Br95(V ) + C3 - G, (1.6)

(v )(@395(V)) ~ a,0,(V)) 9y (V) =
= @y (V a3V ©3(V)) —a,01(V)) + (a; —a3)Q(V)e;(vy) - (L.7)
—azAyQ3(vy) + a3 BiVi93(V)) — @ B30y (Vy) — 5y + (C) — C3)v,y

(1 =V} =WV ))(a305(V)) — 20,(V ) 03(Vy) =
= P3(V)(a@,9,(V)) —ayv 9,(V1)) +(ay —a))@ (Vo (V) + (1.8)
+ayh9x(Vy) —ayB1V0,(V)) + a1 B0, (vy) + 51 +(Cy— Cp)v,y

Vi = (@03(v1) ~ 40 (VOIW WV (T =V = (V) (1.9)

where W(v;) = v3(v); the prime denotes a derivative with respect to the auxiliary variable v;.

If a certain solution y = y(vq), 9(v1) (i = 1, 2, 3) of Eqs (1.5)—(1.8) is obtained, we can determine
the relation v; = vy(f) from Eqgs (1.9). The components of the angular momentum vector are then
obtained from relations (1.4), where

va(v) = WOV, Va(Vy) = J1-vi—wi(v) (1.10)

The integrals of the energy and the angular momentum from system (1.3) based on invariant relations
(1.4) are as follows:

1
Vi@ (V) (Ve (vy) + (1 —vf—\y(vl))%(vl) = §(b0w+n0+n1v1 +n2vf) .11

al‘Pf(Vl) + az\V(V1)‘P§(V1) +as(1 - Vf - W(Vl))(pg(vl) = Co¥ +my + mVy + ’"2"%

where
b

CO = C3—C2, ml = 251, m2 = C3—C1

BZ—B3, ny = —2}\,1, ny = BI_B3 (1 12)

and nq and m, are arbitrary constants, introduced instead of £ and k.
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When investigating the conditions for the existence of invariant relations (1.4) for Eqs (1.1) and (1.2)
with integrals (1.11), we considered the case [12] when the functions y(v;) and ¢;(v;) in Egs (1.5)—(1.9)
are polynomials in the variable v;. Hence, it is of interest to investigate the solutions of Eqs (1.5)—(1.9)
in a more general form.

We will specify the solution of Egs (1.5)—(1.9) using the following in invariant relations

y(v,) = azvfﬂxlvl + 0l
(1.13)

1
Qr(V)) = Yot » 05(vy) = ;1‘3(”0+42(P2(V1))

VvV, +§

where 0y, 04, O, Yo, V1, Lo are constants, which depend on the parameters of problem (1.1), (1.2), to
be determined. The basis of this approach is not only the more complex structure of the solution
compared with that employed previously in [12], but also the fact that, when the third equality of (1.13)
is satisfied, Eq. (1.9) takes the form

. 12
Vi = {(0V]+ 0V, + ag)- (1+0,)VE—ayv, + (1 —0g)]} (1.14)

i.e. vi = vy(t) is an elliptic function of time. The latter property is characteristic for the majority of
special solutions of the equations of rigid-body dynamics [6].
Note that, on the basis of relations (1.13), the function ¢;(v;) can be obtained from Egq. (1.5)

9 (v)) = 2%1[”0(2(062+ vy +0y) +2a,v,0,(v))] (1.15)

Equations (1.11), (1.12) give the values of the constants of the first integrals in the solution considered.

2. THE CONDITIONS FOR SOLUTION (1.13)-(1.15) TO EXIST

Using expressions (1.13) and (1.15), Eqs (1.6)—(1.18) can be written as follows (u = v; + € is a new
variable):

u0a3(p',(u)+a2(a2—a3)<p§(u)—xo(p2(u)+00 =0 2.1
2poa,a; W (u)Qy(u) =
) ) (22)
= 2ay(a; - a3)(u - &) Q5(u) + (Gyu + Gy)@y(u) + Dyu + Dy
20a;a,(1— (1 ~&0)" — (1) @y(u) =
(2.3)

= 2az“s(dz“‘11)(u—€o)(l>§(u)*'(Klll*'Ko)([’z(u)'FMH”“Mo
where

y(u) = a2u2+(oc1—Zeoaz)u+(a0—soa1+£§a2)

02() = Yo+ y,u

X = Holaz —ay) +ayay(B;~B,), Oy = ay(LyB, + C, - C;)

Gy = 2{pgo(a ay — a1a3 - a,a3) + 2U4a,(a; — a3) + aja,a5(B, - By)]
Gy = 2Uy€g0, (- a a, + aja; + aya,) - dpgEgay(a, — a;) +
+ W0y (@yay — aya; — aya3) — 2ha,a,a; — 2€4a,a,a,( B, - B;)

2
Dy = 2[pla; —az)(0y + 1) + Woa;a3(B; — By) - Kya a3 B30, + a,a4(Cy — Cy)] (2.4)
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Dy = o(a, — az)ly ~ 2e6(1 +0))] - 20h @, 45 — gy as By (ot — 2e00t,) —
—280a1a3(C, - C3) - 2510103 ~ 210080a,a5( B, - B;)
Kl = z[uo(alaz—a1a3+a2a3)(a2+ 1) +a1a2a3(32~31)]

Ky = Wo(a1a;, - aya; + a,a;) [0 ~ 284(0, + 1)] + 2M,a,a,a5 - 2€4a,a,a4(B, - By)

=
|

= zuoal(u0+a332)(a2+ I)+2a1a3(C2—C1)
My = Woa (Mg +azBy)loy ~ 2eg(0y + 1)) + 25,0 a5 - 284a;a5(C, - C)

where, by virtue of expression (1.15), ¢() has the form

o, (u) = z‘ll-l[uo(ocl =2gg(oy + 1)) + 2(v; - €oYgla, +
(2.5)

+2(1(0ty + 1) + Yoay)u - 2egY, a5 ]
By requiring that the functions @,(u) = v, + ™ and @1(u) from relation (2.5) should satisfy

Egs (2.1)~(2.3), we obtain the following conditions, connecting the parameters of the solution and the
parameters of problem (1.1), (1.2)

2
2 a,

fo = (a,-ay)(a, -a,) Yo = 2a2(;20—a3)’ Y= altlzzi(ia;z) (2.6)

% = 3 % [soai(aa‘az)az*a%(%—az)al—ang(al -a,)] 2.7
ay(ay~as)

T0@185(8; — 83) + Yo(Hoa, ~ @, Xg) + Haas(0 + 1) + Gyay = 0 (2.8)

2Hoa;a5(0 ~ 26000) — 4€0Yoaa(a; — as) + 27,a3(a, —az) + Gy = 0 (2.9)

2Y5a5(a, ~ ;) + oG, + Dy = 0 (2.10)

2UpY 00300 - 2€0Y<2)a§(01 —as)+ 4707103(611 —a3) +¥oGo+7¥,G+ Dy =0 (2.11)

2upaa;2eh(0, + 1) — 0y ] - 4€gYgayay(ay —a)) + 2 aa3(a, —a)) + Ky = 0 (2.12)

2Y8aya5(ay-a,) + VoK, + M, = 0 (2.13)

Zp,oyla laz(a2 + l) + 280Y302a3(a2 - al) - 4’Y0’Yla2a3(a2 - al) - YOKO — YIKI - M() =0 (2.14)

Relations (2.6) and (2.7) show that the parameter g, in them is expressed in terms of the components
of the gyration tensor, the parameters Y, and y; are expressed in terms of the components of the gyration
tensor and the quantities B,, B; and L, and the parameter o is expressed in terms of the components
of the gyration tensor and the quantities oy and ay. It can be shown from relation (2.4) that system of
equations (2.8)—(2.14) is linearly dependent and reduces to the system

Wolay —az)loh(aa, + ajas ~2a,a;3) — a(as —ap)] +

2.15
tayasla(ay~ay)(B) — By) +ay(ay—a;)(B; - B,)] = 0 (2.15)
Ho
A = ————————la(a; - a;)(a,a, + aja; - a,a;)0; -
2aya,a5(as — ay) (2.16)

- 2g80ayay(a,(as —~ a,)0, + ay(a; —ay)) |
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“3((12 — a3)(— alaz + a1a3 -+ 2a203 + 402a3a2) +
+2Ua,a3( By(a,a, — ayas + aya3) — By(— aya, + a,a; + aya3)] - (2.17)

—alagag(B:; - B2)2 + 4a1a2a3(02 - a3)(C2 - C3) =0

2
xXgay(ay — az) + 2xg[Wo(a1a, — ajaz — a,a3)0, + 2uga,(a, - as) +

+a,a,a;(B; ~ B;)1 + 4a,(a, —a3)[u3(a1 —az)(0, + 1)+ (2.18)

2U0Y1G1G300 — Zeoygag(al —az)+ 41(01(1a§(a1 —az)+
+7Y,Go + 1,G + Ho(a, — az)[ o - 2e4(0y + 1)] -

= 2Hoha1a3 — Hoa a3 By (0 - 28000,) — 2€9a,a5(C ~ C3) -
- 2UpEpaa5(B, - B3) -2s5,a;a5 = 0

(2.19)

Hence, Eqgs (2.6), (2.7) and (2.15)—(2.19) serve as the conditions for solution (1.13)—(1.15) for Kirchhoff’s
equations (1.1) and (1.2) to exist.

If we use the fact that, by their mechanical meaning, the quantities Ay, 51, C; — C3 and C; - C;3 can
take arbitrary values, then, to prove the solvability of Egs (2.6), (2.7) and (2.15)—(2.19) we can use the
semi-inverse method, which enables us to avoid lengthy calculations. Suppose we are given the values
of the parameters ay, a,, a3, By, By, B3, 0 and ;. Then, from Eq. (2.15) we can determine the parameter
1y, and, from Egs (2.6), the values of the parameters of the solution: &, ¥, and y;. From the results
obtained from Eq. (2.7) we can find the parameter oy, from Eq. (2.16) we can find the parameter A,
from Eq. (2.17) we can find the parameter C, — C3, from Eq. (2.18) we can find the parameter C; — C5,
and from Eq. (2.19) we can find the parameter sy, since these parameters occur linearly in conditions
(2.15)-(2.19). It is necessary to take into account here that the values of oy, 0, and o, obtained must
satisfy the conditions for the solution to be real

vg(vl) = y(v,) = oczvfﬂxlvl +0,20 (2.20)
vg(v,)=—(1+a2)vf—a1v1+(1—ao)20 .

This can be achieved, for example, by choosing the quantities o and o, assummg that the right-hand
side Eg. (2.7) is positive and does not exceed unity. The functions v3(v1) and v3(v;) at the point
vy = 0 are then positive, and, in view of their continuity, a non-empty interval in v; exists, in which
conditions (2.20) are satisfied.

Hence, when Eqs (2.6) and (2.7) are satisfied, Eqs (1.1), (1.2) allows of the solution (it is found using
formulae (1.4), (1.10) and (1.13)-(1.15))

[ 2
Vo(V)) = OV + 04V + O, v3(v1)=A/—(1+a2)v%—a,v1+(1—a0)

271“2"1}
vV, +g

1
x(vy) = :2_11—1[”0“’ + 2(Ug(0y + 1) + Yoay) vy +
2.21)

_ Y1 ) _vs(vy) Y14,
x,(Vy) V2("1)(Y0+V1+£0 s X3V = Py (“°+Y°“2+v1+eo)

Vi = Va(Vva(vy)

The noteworthy property of solution (2.21) is the structure of the functions x;(v;): they are the
superposition of linear and linear-fractional functions of the components of the vector of the axis of
symmetry of the force field. Since the constants g and m, occurring in relation (1.11), take fixed values,
which we will not write here in view of their complexity, the solution (2.21) depends on one arbitrary
constant #,. This constant arises when solving the last equation of system (2.21).
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3. NUMERICAL EXAMPLE

We will specify the following values of the components of the gyration tensor: a; = 2a, a, = 3a,
a3 = 5a, where a is a parameter. From the first equation of system (2.6) we then obtain g, = 2V 3/3.
Assuming the parameter W, to be free, the following quantities satisfy Eq. (2.15)

3
B =2t gt p B

>

a a 5a

Equation (2.7) is satisfied, for example, under the following conditions

21 25./3
o, = -Z,- , Oy = —4-— . Oy = 1
From the notation for xy, from (2.4) we have x; = 11pp.
We obtain the value of A; from (2.16), and the values of y; and y; from the second and third equations
of system (2.6), we have

1153,
Ay = - °, Yo =

gy 5B
48a -

2a’ "% ea

We return to Eqgs (2.17)—(2.19). Substituting the values of the parameters obtained above into these,
we obtain

1911, 5./3u;
—_ y s =
5a 244’ 2

!
[
|

0
i

Hence, we have given an example of the solvability of conditions (2.6), (2.7) and (2.15)—(2.19). Solution
(2.21) takes the form

1 5
vav) = 5200, -V V), vy = ViV +43)
v =-196, v{¥=-009)

Xy = u—0(4————5“/§+zv 5.3 ]

_ yva(vy) 5 _ uovg(\'l)(_ 7, 15 )

1l )
X, = ——t ——— |, X, = <
2 a (12 2By, +2)) 7T Sa U a7 By, +2)
Vi = Vo(V)Va(vy)

The variable v, varies in the range [vgo), 0].

An analysis of the literature devoted to constructing general and special solutions of Kirchhoff’s
equations shows that solution (2.21), according to the conditions imposed on the parameters, cannot
be a special case of the solutions of the Kirchhoff-Kharlamov [3], Clebsch [13], Steklov {2] and
Lyapunov [14] solutions, while in structure it does not satisfy the well-known special solutions [3, 6, 8,
11, 12, 15, 16}. ‘

Note that vgfhen B; =0,C; = 0and A, = 0, conditions (2.15)—(2.19) reduce the equality a, = a5, which
cannot be satisfied by virtue of conditions (2.6). Hence, there is no analogue of solution (2.21) in the
classical problem.

I wish to thank G. V. Gorr for suggesting the problem.
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